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Abstract
We address the problem of possible deformations of exactly solvable potentials
having finitely many discrete eigenvalues of arbitrary choice. As Kay and Moses showed
in 1956, reflectionless potentials in one dimensional quantum mechanics are exactly
solvable. With an additional time dependence these potentials are identified as the
soliton solutions of the KdV hierarchy. An N -soliton potential has the time t and 2N
positive parameters, k1 < · · · < kN and {cj}, j = 1, . . . , N , corresponding to N discrete
eigenvalues {−k2j}. The eigenfunctions are elementary functions expressed by the ratio
of determinants. The Darboux-Crum-Krein-Adler transformation or the Abraham-
Moses transformations based on eigenfunctions deletions produce lower soliton number
potentials with modified parameters {c′j}. We explore various identities satisfied by
the eigenfunctions of the soliton potentials, which reflect the uniqueness theorem of
Gel’fand-Levitan-Marchenko equations for separable (degenerate) kernels.
1 Introduction
In recent years, exactly solvable potentials in one dimensional quantum mechanics have
aroused resurgent interest thanks to the discovery of certain new solvable potentials having
the exceptional and the multi-indexed orthogonal polynomials as the main part of the eigen-
functions. These new solvable potentials are obtained by rational deformations of known
solvable potentials; these are the radial oscillator, Po¨schl-Teller and Coulomb potentials
having infinitely many discrete eigenstates and Morse, Rosen-Morse, Eckart, hyperbolic
Po¨schl-Teller, sech2x and the hyperbolic symmetric top potentials with finitely many discrete
eigenstates. One conspicuous absence is the reflectionless potentials [1], or with the explicit
time dependence the so-called N -soliton solutions [2] of the KdV hierarchy. For the reflec-
tionless potentials derived by Kay and Moses [1] in 1956, all the eigenfunctions are exactly
calculable for any number of arbitrarily given eigenvalues {−k2j}, j = 1, . . . , N . However,
their exact solvability does not seem to be widely known among the present day researchers
of the subject. This is partly because the reflectionless potentials are not shape invariant
and do not satisfy the well established sufficient condition of exact solvability.
In this paper we address the problem of possible solvable deformations of the reflection-
less potentials in terms of the eigenfunctions, a` la Darboux-Crum-Krein-Adler [3]-[5] and
Abraham-Moses [6, 7]. They are known to generate reflectionless potentials [8]. Contrary
to the naive expectation, these deformations of the general soliton solutions do not produce
a new type of reflectionless potentials, or new species of soliton solutions. This is in good
contrast to the known deformation examples like the multi-index [9, 10] and the excep-
tional orthogonal polynomials [11]–[18] cases. This fact is consistent with the uniqueness of
the reflectionless potentials as the solutions of Gel’fand-Levitan-Marchenko equations [19]
for separable (or degenerate) kernels. (See Appendix of Kay and Moses [1].) The non-
deformation, in turn, could be understood as the consequences of many interesting identities
satisfied by the reflections potentials and their eigenfunctions. We explore these identities
as the characteristic properties of the reflectionless potentials. An attempt to deform sech2x
potentials with special t dependence to create integer speed solitons was reported recently
[20].
The present paper is organised as follows. In section two, the explicit formulas of the
reflectionless potential and the eigenfunctions are recapitulated for introducing necessary no-
tation and for self-containedness. An alternative and intuitive derivation of the reflectionless
potential and eigenfunctions is presented. The relationship between the reflectionless poten-
tials and the soliton solutions of the KdV hierarchy is explained in some detail. Section three
is the main body of the paper. Deformations of reflectionless potential by deleting single and
multiple eigenstates via Darboux-Crum-Krein-Adler and Abraham-Moses transformations
are performed explicitly. Several interesting Wronskian identities among the eigenfunctions
of reflectionless (soliton) potentials are derived instead of new species of reflectionless po-
tentials. The final section is for a summary and comments. The basic formulas of multiple
Darboux and Abraham-Moses transformations are recapitulated in §A.1 and §A.2, respec-
tively, for reference purposes.
2 Reflectionless potential and its eigenfunctions
Here we recapitulate the essence of the reflectionless potential and the corresponding eigen-
functions. Since most of the results are well-known for more than forty years, we will not give
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the details of the derivation and refer to the original paper and related references [1, 2, 21].
Let us start with a reflectionless potential UN (x) in one dimensional quantum mechanics. It
is defined on the entire real line −∞ < x < ∞ and it vanishes at ±∞. Its scattering wave
solution is reflectionless:
H = − d
2
dx2
+ UN (x), (2.1)
Hψk(x) = k2ψk(x), ψk(x) ∼
{
t(k)eikx x→ +∞
eikx x→ −∞ , k > 0. (2.2)
It has N arbitrarily given discrete eigenvalues,
HφN,j(x) = EjφN,j(x), Ej = −k2j , j = 1, . . . , N, (2.3)
with 0 < k1 < k2 < · · · < kN , corresponding to the the poles of the transmission amplitude
t(k), on the positive imaginary k-axis, k = ikj, j = 1, . . . , N . According to Kay and Moses
[1], the potential is everywhere negative, UN(x) < 0, and it has an expression
UN(x)
def
= −2∂2x log uN(x), (2.4)
uN(x)
def
= detAN(x), (AN(x))mn
def
= δmn +
cme
−(km+kn)x
km + kn
, m, n = 1, . . . , N, (2.5)
in which {cm} are arbitrary positive parameters. For real x and positive {kj} and {cj},
the N ×N matrix AN (x) is positive definite. The logarithmic potential uN(x) has a simple
expansion [2]
uN(x) =
∑
µ
exp
[
N∑
j=1
µjηj +
∑
j<l
aj lµjµl
]
, (2.6)
eηj
def
=
cj
2kj
e−2kjx, eaj l
def
=
(kj − kl)2
(kj + kl)2
, µj = 0, 1, (2.7)
in which
∑
µ means a summation over 2
N terms of µ1 = 0, 1, µ2 = 0, 1,. . . , µN = 0, 1. This
expression also shows that uN(x) is positive for real x and positive {kj} and {cj}.
For consecutive positive integers {kj}, and special values of the parameters {cj},
kj = j, cj =
(N + j)!
j!(j − 1)!(N − j)! , j = 1, . . . , N, (2.8)
uN(x) = e
−N(N+1)x(1 + e2x)N(N+1)/2, UN (x) = −N(N + 1)sech2x, (2.9)
the general reflectionless potential UN(x) (2.4) reduces to the reflectionless sech
2x potential,
which is known to be exactly solvable with the eigenvalues Ej = −j2, j = 1, . . . , N .
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Except for possible complex zeros of uN(x), the potential UN (x) is holomorphic. At a
complex simple zero x0 of of uN(x), uN(x) = (x − x0)rN(x), rN(x0) 6= 0, the reflectionless
potential UN(x) (2.4) has a regular singularity
UN (x) =
2
(x− x0)2 +O(x− x0), (2.10)
with the characteristic exponents 2 and −1. This means that the solutions of the Schro¨dinger
equations with the potential UN(x) are generically monodromy free on the complex x-plane.
The special form of the reflectionless potential (2.4) means that UN(x) can be derived
by multiple Darboux transformations from the trivial potential U ≡ 0. The Schro¨dinger
equation with U ≡ 0 has square non-integrable solutions
ψj(x)
def
= ekjx + c˜je
−kjx, 0 < k1 < k2 < · · · < kN , (−1)j−1c˜j > 0, (2.11)
− ∂2xψj(x) = −k2jψj(x), j = 1, . . . , N. (2.12)
Their inverses {1/ψj(x)} are locally square integrable at x = ±∞. With the above sign
of the parameters {c˜j} (2.11) the Wronskian (W[f1, · · · , fn](x) def= det
(
∂j−1x fk(x)
)
1≤j,k≤n
) of
these seed solutions {ψj} is positive and it gives uN(x) upto a factor which is annihilated by
∂2x after taking the logarithm:
W[ψ1, · · · , ψN ](x) =
N∏
j>l
(kj − kl) · e
∑N
j=1 kjxuN(x), (2.13)
UN(x) = −2∂2x logW[ψ1, · · · , ψN ](x) = −2∂2x log uN(x). (2.14)
Here we have redefined the coefficient of e−2kjx in uN(x) to be cj/(2kj), cj > 0. Similar
derivation of the reflectionless potential, without the eigenfunctions, was reported more than
twenty years ago [22]. The general theory of Darboux transformation says that the above
constructed UN (x) (2.14) has N -discrete eigenvalues Ej = −k2j with the eigenfunctions
φN,j(x) ∝ W[ψ1, · · · , ψ˘j, · · · , ψN ](x)
W[ψ1, · · · , ψN ](x) , j = 1, . . . , N, (2.15)
in which ψ˘j means that ψj(x) is excluded from the Wronskian. For derivation, see (A.8).
By the same multiple Darboux transformation, the plane wave solution eikx (k > 0) of the
U ≡ 0 Schro¨dinger equation is mapped to
eikx → W[ψ1, · · · , ψN , e
ikx](x)
W[ψ1, · · · , ψN ](x) ∼
{ ∏N
j=1(ik − kj) · eikx x→ +∞∏N
j=1(ik + kj) · eikx x→ −∞
, (2.16)
4
as the Wronskian of exponential functions is a van der Monde determinant:
W[eα1x, eα2x, . . . , eαMx](x) =
∏
1≤k<j≤M
(αj − αk) · e
∑M
j=1 αjx.
This scattering wave solution has reflectionless asymptotic behaviour, which is consistent
with (2.2). This is an alternative derivation of the reflection potential (2.4). Its reflectionless
property and the exact solvability are quite intuitively understood .
Now we will comment on the relationship between the reflectionless potential (2.4),(2.5)
and the N -soliton solution of the KdV hierarchy. By construction, the eigenvalues {−k2j} are
independent of the parameters {cj}. Any continuous change of {cj} generate continuous iso-
spectral deformation of the reflectionless potential UN (x). A special choice of t-dependence
cj → cje8k3j t, j = 1, . . . , N, (2.17)
changes the reflectionless potential UN (x) to an N -soliton solution UN (x; t) of the KdV
equation [2, 21]:
UN (x; t)
def
= −2∂2x log uN(x; t), (2.18)
uN(x; t)
def
= detAN(x; t), (AN(x; t))mn
def
= δmn +
cme
−(km+kn)x+8k3mt
km + kn
, (2.19)
0 = ∂tUN − 6UN∂xUN + ∂3xUN . (2.20)
From now on we will abuse the language and call both UN(x) (2.4), (2.5) and UN(x; t) (2.18),
(2.19) N -soliton solutions . In the KdV equation (2.20), the x and t dependence of UN (x; t)
is suppressed for simplicity of presentation. More general time dependence
cj → cj exp[
∞∑
n=1
(2kj)
2n+1t2n+1], j = 1, . . . , N, (2.21)
generates the N -soliton solution of the KdV hierarchy . Here t2n+1 (t3 ≡ t) is the time
parameter corresponding to the n-th involutive Hamiltonian of the KdV hierarchy. As the
solution of the non-linear KdV equation (2.20), the overall normalisation of UN (x) including
the sign is immaterial, since it can be absorbed by the rescaling of the coefficient of the
nonlinear term. It should be stressed, however, that the overall scale with the sign −2 is
essential for the potential of the Schro¨dinger equation as shown above.
5
The eigenfunctions {φN,j(x)} of the reflectionless potential UN(x) (2.4), (2.5) have a
simple expression as the ratio of determinants:
φN,j(x)
def
=
u˜N,j(x)
uN(x)
e−kjx, u˜N,j(x)
def
= det A˜N,j(x), j = 1, . . . , N, (2.22)
(A˜N,j(x))mn
def
= δmn +
kj − km
kj + km
cme
−(km+kn)x
km + kn
, m, n = 1, . . . , N. (2.23)
In other words, u˜N,j(x) is obtained from uN(x) by the replacement
u˜N,j(x) : cm → cm × kj − km
kj + km
, m = 1, . . . , N. (2.24)
It is easy to see that the eigenfunction φN,j(x) is square integrable with the proper asymptotic
behaviour:
φN,j(x) ∼
{
e−kjx x→ +∞
constant× e+kjx x→ −∞ . (2.25)
The groundstate eigenfunction φN,N(x) corresponding to the lowest eigenvalue −k2N is positive
φN,N(x) > 0 since the matrix A˜N,N(x) is positive definite. It needs no explanation that the
eigenfunctions for the time-dependent potential U(x; t) (2.18), i.e. the N -soliton solution,
are obtained from (2.22), (2.23) by the same replacement (2.17) or (2.21).
3 Deformations and identities
Here we will discuss possible deformations of the reflectionless potentials and soliton solu-
tions, the main theme of the present paper. By using the eigenfunctions, one can construct
an (N−M)-soliton solution from an N -soliton solution. One naively expects that the result-
ing (N −M)-soliton would retain the dependence on the original 2N parameters, creating
new species of solitons. However, several attempts in terms of Darboux and Abraham-
Moses transformations have failed to produce such new types of solitons. Non-existence of
new species of solitons is consistent with the uniqueness theorem of reflectionless potentials
(see, the Appendix of Kay-Moses original paper [1]). On the other hand, it means various
identities satisfied by the soliton solutions, which do not seem to be widely recognised or
discussed. The eigenfunctions of exactly solvable quantum mechanical systems are known
to satisfy various interesting identities. See [23] for the Wronskian identities satisfied by
the Hermite, Laguerre and Jacobi polynomials. Similar Casoratian identities satisfied by
the classical orthogonal polynomials obeying second order difference equations, those for the
Wilson and Askey-Wilson polynomials, are reported in [24].
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Let us start with the standard Darboux-Crum [4] transformation by using the ground
state eigenfunction as the seed solution (see (A.4)):
UN(x)→ U (1)N (x) = UN (x)− 2∂2x log φN,N(x) = −2∂2x log u˜N,N(x). (3.1)
The resulting reflectionless potential is an N − 1 soliton solution depending on 2(N − 1) pa-
rameters {km, c(1)m }, m = 1, . . . , N−1 obtained from those of the original one by replacement
cm → c(1)m def= cm ×
kN − km
kN + km
, m = 1, . . . , N − 1. (3.2)
This replacement rule could be interpreted as generalized shape invariance.
Next we deform the N soliton solution by using M distinct eigenfunctions specified by
D def= {d1, . . . , dM} ⊂ {1, . . . , N}, that is by using
{φN,d1(x), . . . , φN,dM (x)}. (3.3)
In other words, the solitons having the parameters {kd1 , . . . , kdM} are deleted from the orig-
inal N -soliton solution with the parameter set {k1, . . . , kN}:
{kd1, . . . , kdM} ⊂ {k1, . . . , kN}.
This type of deformation is called Krein-Adler transformation [5]. The result is the N −M
soliton solution with the set of parameters {k1, . . . , kN}\{kd1, . . . , kdM} and {c(M)m }:
U
(M)
N (x) = −2∂2x log u˜N,D(x), (3.4)
u˜N,D(x) : c
(M)
m
def
= cm ×
M∏
j=1
kdj − km
kdj + km
, (3.5)
in which u˜N,D(x) is obtained from uN(x) (2.5) by replacing cm with the above c
(M)
m (3.5).
This means the following Wronskian identity:
W[φN,d1, . . . , φN,dM ](x) ∝
u˜N,D(x)e
−
∑M
j=1 kdjx
uN(x)
, (3.6)
as (A.9) says
U
(M)
N (x) = UN(x)− 2∂2x logW[φN,d1 , . . . , φN,dM ](x) = −2∂2x log u˜N,D(x).
The positivity of u˜N,D(x) is guaranteed if D is chosen to satisfy the conditions [5]:
M∏
j=1
(dj −m) ≥ 0, m = 1, . . . , N. (3.7)
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With these conditions it is trivial to see the non-negativeness of c
(M)
m ≥ 0 (3.5) for positive
cm > 0. These conditions are easily satisfied if D consists of one or many pairs of two
consecutive integers.
Next we create an N − M-soliton solution from the N -soliton solution (2.4),(2.5) by
using eigenstate deleting Abraham-Moses transformations (A.16)–(A.19). In this case the
parameters {ej} are not arbitrary but are the norm of the seed functions ej = (ϕj , ϕj),
which are the eigenfunctions. Here we use the standard notation for the inner product,
(f, g)
def
=
∫∞
−∞
f(x)g(x)dx. This is an artificial constraint to make the formulas (A.16)–
(A.19) look symmetrical for addition and deletion. For j 6= l, (ϕj, ϕl) = 0 because of the
orthogonality of the eigenfunctions and we obtain a positive definite expression of FM (A.16):
(FM)j l = ejδj l − 〈ϕj, ϕl〉 = (
∫ ∞
−∞
−
∫ x
−∞
)ϕj(y)ϕl(y)dy =
∫ ∞
x
ϕj(y)ϕl(y)dy. (3.8)
(See (A.11) for the definition of 〈f, g〉.) In this form the deformed potential U (M)(x)
(A.16),(A.19) is independent of the normalisation of the eigenfunctions. Let us use M
distinct eigenfunctions (2.22) specified by D def= {d1, . . . , dM} ⊂ {1, . . . , N}, that is by using
{φN,d1(x), . . . , φN,dM (x)} (3.3). It is interesting to see that the integrand of (FM)j l (3.8) is
a derivative of a function of the eigenfunction type as
φ2N,j(x) = −∂x
(
w˜N,j(x)
uN(x)
· e
−2kjx
2kj
)
, (3.9)
φN,j(x)φN,l(x) = −∂x
(
v˜N ;j,l(x)
uN(x)
· e
−(kj+kl)x
kj + kl
)
, v˜N ;j,j(x) ≡ w˜N,j(x), (3.10)
in which w˜N,j(x) and v˜N ;j,l(x) are obtained from uN(x) by the following replacements of cm:
w˜N,j(x) : cm → cm × (kj − km)
2
(kj + km)2
, v˜N ;j,l(x) : cm → cm × kj − km
kj + km
· kl − km
kl + km
. (3.11)
The above factor in w˜N,j is the scattering phase shift of the j-th and m-th solitons and it
is the square of the factor appearing in u˜N,j of the eigenfunction (2.22). The N − 1-soliton
solution obtained by an eigenfunction deleting Abraham-Moses transformation (A.13) using
φN,j(x) is
UN (x)→ U (1)N (x) = UN(x)− 2∂2x log
∫ ∞
x
φ2N,j(y)dy = −2∂2x log w˜N,j(x). (3.12)
By repeating this process M times in terms of the eigenfunctions specified by D (3.3) is
UN(x)→ U (M)N (x) = −2∂2x log w˜N,D(x), (3.13)
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in which w˜N,D(x) is obtained from uN(x) by the replacement
w˜N,D(x) : cm → cm ×
M∏
j=1
(kdj − km)2
(kdj + km)
2
. (3.14)
This in turn means a determinant identity
det
(∫ ∞
x
φN,dj (y)φN,dl(y)dy
)
1≤j,l≤M
= det
(
v˜N ;dj ,dl(x)
uN(x)
· e
−(kdj+kdl)x
kdj + kdl
)
1≤j,l≤M
(3.15)
∝ w˜N,D(x)
uN(x)
e−2
∑M
j=1 kdjx. (3.16)
We now turn to the clarification of the role played by the eigenstate adding Abraham-
Moses transformations on the N -soliton solution (2.4),(2.5). As remarked in §A.2, these
transformations are exactly iso-spectral when the seed solutions are the eigenfunction them-
selves. In order to fix the interpretation of the parameters {ej} in (A.13)–(A.19), let us use
the normalised seed solutions ϕˆj, (ϕˆj, ϕˆj) = 1. For the N -soliton solution, they are
φˆN,j(x)
def
=
√
cjφN,j(x), (φˆN,j, φˆN,j) = 1, j = 1, . . . , N, (3.17)
for the relation (3.9) gives a simple way to normalise the eigenfunctions:
w˜N,j(x)
uN(x)
· e
−2kjx
2kj
→
{
0 x→ +∞
1
cj
x→ −∞ , (φN,j, φN,j) =
1
cj
. (3.18)
The one eigenstate addition by using φˆN,j(x) goes as follows (A.13):
ej + 〈φˆN,j, φˆN,j〉 = ej + 1− w˜N,j(x)
uN(x)
· cje
−2kjx
2kj
= (ej + 1)
{
nN,j(x) +
ej
ej+1
cj
2kj
e−2kjxw˜N,j(x)
}
uN(x)
= (ej + 1)
z˜N,j(x)
uN(x)
, (3.19)
in which z˜N,j(x) is obtained from uN(x) by the replacement:
z˜N,j(x) : cj → ej
ej + 1
cj. (3.20)
In short, the eigenstate adding Abraham-Moses transformation in terms of the j-th eigen-
function φˆN,j(x) and ej does not introduce a new independent parameter. It simply rescales
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the corresponding j-th parameter cj to
ej
ej+1
cj, namely uN(x) to z˜N,j(x). Here we have used
a simple identity of the logarithmic potential uN(x):
uN(x) = uN,j(x) +
cj
2kj
e−2kjxw˜N,j(x), uN,j(x)
def
= uN(x)|cj→0 , (3.21)
which is obvious from the expansion formula (2.6)–(2.7).
By repeating this process M times in terms of the eigenfunctions specified by D (3.3),
we obtain
UN (x)→ U (M)N (x) = −2∂2x log z˜N,D(x), (3.22)
in which z˜N,D(x) is obtained from uN(x) by the replacement
z˜N,D : cdj →
edj
edj + 1
cdj , j = 1, . . . ,M, cl → cl, l /∈ D. (3.23)
This in turn means a determinant identity
det
(
edjδj l + 〈φˆN,dj , φˆN,dj〉
)
1≤j,l≤M
= det
(
(edj + 1)δj l −
v˜N ;dj ,dl(x)
uN(x)
·
√
cdjcdle
−(kdj+kdl)x
kdj + kdl
)
1≤j,l≤M
(3.24)
∝ z˜N,D(x)
uN(x)
. (3.25)
This type of iso-spectral transformations were reviewed in §7 of [25], with the integer solitons
of the sech2x potential, special cases of the general soliton solutions.
As is known [26, 27] the one eigenstate (ϕ) adding/deleting Abraham-Moses transforma-
tion is obtained by the ordinary Darboux transformation in terms of ϕ followed by another
in terms of ϕ¯(1)
def
= ϕ−1(e±〈ϕ, ϕ〉), which is a particular solution of the first deformed Hamil-
tonian with U (1) = U − 2∂x log |ϕ|. Thus it is also called a binary Darboux transformation
in some research group.
4 Summary and comments
Contrary to the naive expectation, the deformation of the N -soliton solution in terms of
M distinct eigenfunctions specified by D = {d1, . . . , dM} does not produce new species of
(N−M)-soliton solutions depending on 2N independent parameters. The obtained (N−M)-
soliton solution depends on 2(N −M) independent parameters:
{k1, . . . , kN}\{kd1, . . . , kdM}, c(M)m = cm ×
M∏
j=1
(
kdj − km
kdj + km
)Ξ
, m ∈ {1, . . . , N}\D, (4.1)
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in which Ξ = 1 for the Krein-Adler (multiple Darboux) transformation (3.4)–(3.5) and
Ξ = 2 for the multiple eigenstate deleting Abraham-Moses transformation (3.13)–(3.14).
The failure to generate new species of soliton solutions, in turn, implies various Wronskian
(determinant) identities (3.6), (3.15)–(3.16), (3.24)–(3.25) in a similar way as other exactly
solvable quantum mechanical systems [23, 24]. We did not address the problem of solution
generating transformations of non-linear PDE’s, e.g. Ba¨cklund transformations.
After the discovery of solitons of KdV equation [28, 29], more general scheme of inverse
scattering theory were developed by AKNS-ZS [30, 31], which covered the modified KdV,
sine-Gordon and non-linear Schro¨dingier equations among others. It would be interesting
to pursue similar goals with these soliton solutions [32]; if they are exactly solvable, if
their deformations generate new types of soliton solutions or result in various identities, the
relationship with infinitely many conserved quantities and the corresponding Hamiltonian
structures, geometrical interpretations, etc [33, 34].
Another challenge is the discretized solitons, which pose almost the same questions as
above from the point of view of discrete quantum mechanics [35]. The analogues of Darboux-
Crum-Krein-Adker transformations in discrete quantum mechanics are known [36] and the
analogues of the Wronskian identities, Casoratian identities, for exactly solvable systems are
also reported [24].
Most of the shape invariant and exactly solvable quantum mechanical systems can also be
solved exactly in the Heisenberg picture [37]. It is interesting to try and find the Heisenberg
operator solutions for the reflectionless potentials.
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A Deformation schemes
Here we provide a brief summary of Darboux transformations and other methods of defor-
mation of the potentials and solutions of Schro¨dinger equations;
H = − d
2
dx2
+ U(x), Hψ(x) = Eψ(x) (E , U(x) ∈ C), (A.1)
Hϕj(x) = E˜jϕj(x) (E˜j ∈ C ; j = 1, 2, . . . ,M), (A.2)
The functions {ϕj(x), E˜j} (j = 1, 2, . . . ,M) are called seed solutions. The subsequent two
subsections are for self-containedness.
A.1 Multiple Darboux transformation
By picking up one of the above seed solutions, say ϕ1(x), we form new functions with the
above solution ψ(x) and the rest of {ϕl(x), E˜l} (l 6= 1):
ψ(1)(x)
def
=
W[ϕ1, ψ](x)
ϕ1(x)
=
ϕ1(x)∂xψ(x)− ∂xϕ1(x)ψ(x)
ϕ1(x)
, ϕ
(1)
1,l (x)
def
=
W[ϕ1, ϕl](x)
ϕ1(x)
. (A.3)
It is elementary to show that ψ(1)(x), ϕ−11 (x)
(def
= ϕ1(x)
−1
)
and ϕ
(1)
1,l (x) are solutions of a new
Schro¨dinger equation of a deformed Hamiltonian H(1)
H(1) = − d
2
dx2
+ U (1)(x), U (1)(x)
def
= U(x)− 2∂2x log
∣∣ϕ1(x)∣∣, (A.4)
with the same energies E , E˜1 and E˜l:
H(1)ψ(1)(x) = Eψ(1)(x), H(1)ϕ−11 (x) = E˜1ϕ−11 (x), (A.5)
H(1)ϕ(1)1,l (x) = E˜lϕ(1)1,l (x) (l 6= 1). (A.6)
By repeating the above Darboux transformations M-times, we obtain new functions
ψ(M)(x)
def
=
W[ϕ1, ϕ2, . . . , ϕM , ψ](x)
W[ϕ1, ϕ2, . . . , ϕM ](x)
, (A.7)
ϕ˘
(M)
j (x)
def
=
W[ϕ1, ϕ2, . . . , ϕ˘j, . . . , ϕM ](x)
W[ϕ1, ϕ2, . . . , ϕM ](x)
(j = 1, 2, . . . ,M), (A.8)
which satisfy an M-th deformed Schro¨dinger equation with the energies E and E˜j [3]:
H(M) = − d
2
dx2
+ U (M)(x), U (M)(x)
def
= U(x)− 2∂2x log
∣∣W[ϕ1, ϕ2, . . . , ϕM ](x)∣∣, (A.9)
H(M)ψ(M)(x) = Eψ(M)(x), H(M)ϕ˘(M)j (x) = E˜jϕ˘(M)j (x) (j = 1, 2, . . . ,M). (A.10)
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These multiple Darboux transformations are essentially iso-spectral , upto a finite number of
added or deleted energy levels depending on the properties of the seed functions {ϕj(x), E˜j}
(j = 1, 2, . . . ,M). In order to avoid singularities of the new potential U (M)(x), the Wronskian
of the seed functions W[ϕ1, ϕ2, . . . , ϕM ](x) should not vanish on the real x-axis.
A.2 Multiple Abraham-Moses transformation
Next let us introduce the Abraham-Moses transformations [6, 7]. For simplicity of the
presentation, we will restrict ourselves to utilise the solutions and seed solutions which are
locally square integrable at x = −∞. For a pair of real functions f and g, let us introduce
a new function 〈f, g〉 by integration:
〈f, g〉(x) def=
∫ x
−∞
dyf(y)g(y) = 〈g, f〉(x), (A.11)
〈f, g〉(−∞) = 0, 〈f, g〉(+∞) = (f, g) def=
∫ ∞
−∞
f(x)g(x)dx. (A.12)
Note that d
dx
〈f, g〉(x) = f(x)g(x). Throughout this paper, we use the simplified notation
〈f, g〉 ≡ 〈f, g〉(x), so long as no confusion arises.
For a seed solution, say ϕ1, with the energy E˜1, an Abraham-Moses transformation for
adding/deleting one bound state with the energy E˜1, is defined as follows:
U(x)→ U (1)(x) def= U(x)− 2∂2x log
(
e1 ± 〈ϕ1, ϕ1〉
)
, e1 > 0, (A.13)
ϕ1 → ϕ(1)1 def=
ϕ1
e1 ± 〈ϕ1, ϕ1〉 , H
(1)ϕ
(1)
1 = E˜1ϕ(1)1 , (A.14)
ψ → ψ(1) def= ψ ∓ ϕ(1)1 〈ϕ1, ψ〉, H(1)ψ(1) = Eψ(1). (A.15)
For the eigenstate addition, we choose the upper sign and e1 > 0 is arbitrary. In this case
a non-square integrable seed solution (ϕ1, ϕ1) = ∞ is mapped to an eigenstate ϕ(1)1 with
the energy E˜1. If ϕ1 is an eigenstate, ϕ(1)1 is also an eigenstate with the energy E˜1 and
its normalsation is changed. In this case, the transformation is exactly iso-spectral and no
eigenstate is added. For the eigenstate deletion, we choose the lower sign and e1 is the norm
of the eigenstate ϕ1, e1
def
= (ϕ1, ϕ1). The transformed state ϕ
(1)
1 is no longer square integrable,
(ϕ
(1)
1 , ϕ
(1)
1 ) =∞, i.e. the eigenstate is deleted.
By repeating these Abraham-Moses transformations, we arrive at multiple eigenstate
adding/deleting transformations [7, 38]:
U (M)(x) = U(x)− 2∂2x log det
(FM), (A.16)
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ψ(M) = ψ ∓
M∑
j,l=1
ϕj
(F−1M )j l〈ϕl, ψ〉, H(M)ψ(M) = Eψ(M), (A.17)
ϕ
(M)
j =
M∑
l=1
(F−1M )j lϕl, H(M)ϕ(M)j = E˜jϕ(M)j , (j, l = 1, . . . ,M), (A.18)
in which FM is an M ×M symmetric and positive definite matrix depending on the seed
solutions {ϕj} (j = 1, . . . ,M) defined by:
(FM)j l def= ejδj l ± 〈ϕj, ϕl〉, ej
{
> 0 arbitrary addition
def
= (ϕj , ϕj) deletion
, (j, l = 1, . . . ,M). (A.19)
The positive definiteness of FM guarantees the regularity of the deformed potential.
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